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Within the framework of Zermelo–Fraenkel set theory ZF, we investigate the set-theoretical
strength of the following statements:
(1) For every family (Ai)i∈I of sets there exists a family (Ti)i∈I such that for every i ∈ I (Ai, Ti)
is a compact T2 space.
(2) For every family (Ai)i∈I of sets there exists a family (Ti)i∈I such that for every i ∈ I (Ai, Ti)
is a compact, scattered, T2 space.
(3) For every set X , every compact R1 topology (its T0-reﬂection is T2) on X can be enlarged
to a compact T2 topology.
We show:
(a) (1) implies every inﬁnite set can be split into two inﬁnite sets.
(b) (2) iff AC.
(c) (3) and “there exists a free ultraﬁlter” iff AC.
We also show that if the topology of certain compact T1 spaces can be enlarged to a
compact T2 topology then (1) holds true. But in general, compact T1 topologies do not
extend to compact T2 ones.
© 2011 Elsevier B.V. All rights reserved.
1. Notation and terminology
Let X = (X, T ) be a topological space. Usually, we shall denote topological spaces by fat letters and underlying sets by
non-fat letters. However, in case we consider more than one topology on the underlying set X , in order to avoid confusion,
we shall prefer the ordered pair notation. Also, if (X, T ) is a topological space and A ⊂ X , then the subspace topology A
inherits from X will be denoted by T A .
X is said to be compact iff every open cover U of X has a ﬁnite subcover V .
X is said to be dense in itself iff it has no isolated points.
We say that X is R1 iff its T0-reﬂection is T2.
X is called scattered iff Iso(Y) = {x ∈ Y : x is isolated in Y} = ∅ for each non-empty subspace Y of X. By transﬁnite
recursion we deﬁne a decreasing sequence (Xα)α∈Ord of closed subspaces of X as follows:
X0 = X, Xα+1 = Xα \ Iso(Xα), Xα = ∩{Xβ : β < α} for limit a.
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Let V be a well orderable neighborhood base of the point p ∈ X . The character X (p,X,V) of the point p ∈ X with respect to
V is the cardinal min{|W|: W ⊂ V is a neighborhood base of p}. Although the character of a point x ∈ X is always deﬁnable
in ZF, the character of x with respect to well orderable neighborhood bases may not be deﬁned at all in ZF. Indeed, if M
is a model of ZF including an amorphous set X (X is inﬁnite and cannot be partitioned into two inﬁnite sets), see [13] for
such a model, then X taken with the coﬁnite topology is an example of a space none of whose points has a well-ordered
neighborhood base.
For a locally compact, non-compact, T2 space X= (X, R), X(a) will denote the Alexandroff one-point compactiﬁcation of X.
(X(a) = (X ∪ {a}, Ta),a /∈ X and Ta is the topology on X ∪ {a} in which open neighborhoods of points x ∈ X are the old R
ones whereas open neighborhoods of a leave out an R-compact subset of X .)
Let X be a non-empty set and T a topology on X . We say that T is an Alexandroff topology on X in case (X, T ) is a
compact T2 space with just one non-isolated point y, i.e., X\{y} has the discrete topology and (X, T ) = (X\{y})(y).
Given a non-empty set X disjoint from the set A we let T AX be the topology on Z
A
X = X ∪ A generated by the collection:
C AX =
{{a}: a ∈ A}∪ {O ⊂ Z AX :
∣∣Z AX − O
∣∣< ℵ0
}
.
Clearly, ZAX is a compact T1 space. In addition, if A = ∅ then T X is just the coﬁnite topology of X , which it will be used
later. The topology T AX is called the A-topology generated by X and the space Z
A
X is called the A-space generated by X . If A = ∅
then we shall omit the superscript A from Z AX , Z
A
X and T
A
X respectively.
(A): For every family (Ai)i∈I of non-empty sets there exists a family (Ti)i∈I such that for every i ∈ I, (Ai, Ti) is a compact
T2 space.
(B): For every family (Ai)i∈I of non-empty sets there exists a family (Ti)i∈I such that for every i ∈ I, (Ai, Ti) is a compact,
scattered, T2 space.
(CA): For every family (Xi)i∈I of non-empty sets there exists a family (Ti)i∈I such that for every i ∈ I , T AXi ⊂ Ti and (Z AXi , Ti)
is a compact T2 space.
(R): For every set X , every compact R1 topology R on X can be enlarged to a compact T2 topology T .
AC: Every family of non-empty sets has a choice set.
DC: If R is a non-empty relation on a non-empty set X such that ∀x∃y: xRy, then there exists a function f : ω → X such
that f (n)R f (n + 1) for all n ∈ ω.
CAC(R): Every countable family of non-empty subsets of the real line R has a choice function.
MC: For every family (Ai)i∈I of non-empty sets there exists a family (Bi)i∈I of ﬁnite non-empty sets such that for every
i ∈ I , Bi ⊆ Ai .
BPI (Boolean Prime Ideal Theorem): Every Boolean algebra has a prime ideal.
UF(ω): ω has a free ultraﬁlter.
KWSP (Kinna–Wagner Selection Principle): For every set M there exists a function f such that for all A ∈ M, if |A| > 1 then
∅ = f (A)  A.
In this paper we shall work in ZF-AC (= the Zermelo–Fraenkel set theory ZF without AC).
2. Introduction and some preliminary results
If A = (Ai)i∈I is a family of ﬁnite sets then (Ti = ℘(Ai))i∈I is a family of topologies such that each (Ai, Ti) is a compact
T2 space. This however is not true in case the members of A are inﬁnite sets. (If A is an inﬁnite set and T is the discrete
topology on A then U = {{a}: a ∈ A} is an open cover of A having no ﬁnite subcover.) Hence, the question whether (A)
is provable in ZF or, if (A) requires the axiom of choice AC pops up. In fact, in Arnold Miller’s list of interesting problems
posted on his webpage, the following question is asked:
Question 1. Does (A) imply AC? In case (A) does not imply AC then what is the place of (A) in the hierarchy of choice
principles?
Note that if some weak form WF of AC implies every compact T1 topology on a set X extends to a compact T2 topology then,
see the proof of (i) of the forthcoming Theorem 14, WF implies (A) and we have an answer to Question 1. Unfortunately
this is not the case as the following example demonstrates:
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topology it inherits from R. Clearly, (P , S) is a compact T2 space. Let (Q = P\{(1,1)}, SQ ) be the subspace obtained from
P by removal of the point (1,1). Let W be the topology on R = Q ∪ {c,d}, c,d /∈ Q generated by SQ together with the
basic open neighborhoods of c resp. d of the form
U (n) = {c} ∪ (1− 1/n,1] × (1− 1/n,1)
resp.
V (n) = {d} ∪ (1− 1/n,1) × (1− 1/n,1].
Let W be the topology which is generated on R by U (n), V (n), n ∈ N and the old open neighborhoods of points of Q .
Clearly, R is a compact T1-space in which the points c and d have no disjoint neighborhoods. Let T be a compact topology
on the set R that enlarges W . Then:
1) Because of the local compactness of (Q , SQ ), the subspace topology T Q which Q inherits from T , coincides with SQ .
(Clearly, SQ ⊆ T Q . If SQ = T Q then there exists a set A ⊂ Q which is T Q -closed but not SQ -closed. Hence, A has a limit
point x ∈ Q \A. Fix B a compact neighborhood of x in (Q , SQ ). Clearly, B is closed in (R, T ) and x is an accumulation point
of the T -closed set C = A ∩ B in (Q , SQ ). Let U be the trace of the neighborhood ﬁlter of x in (Q , SQ ) on the set C .
Since (Q , SQ ) is T2, the ﬁlter U has no accumulation point in C . Hence, C is not T -compact and consequently (R, T ) is not
compact which is a contradiction. Thus, SQ = T Q as required.)
2) Each neighborhood of c must contain a tail of the right edge of Q , i.e., a set of the form Rn = {1} × [1 − 1/n,1).
(If some neighborhood Uc of c includes no Rn then one can readily exhibit an open T -cover U of R having no ﬁnite
subcover.)
3) Each neighborhood of d must contain a tail of the upper edge of Q , i.e., a set of the form Un = [1/n,1) × {1}.
We show that T is not T2. Assume on the contrary and ﬁx two disjoint open neighborhoods Uc , Vd of c and d respec-
tively. By 2) Uc includes an Rn and by 3) Vd includes a Um . Clearly,
U = {Uc, Vd} ∪
{[0, x) × [0, x): 0< x < 1}∪ {(1/2,1] × [0,1− 1/n), [0,1/m) × (1/2,1]}
is a T -cover or R. Hence, by the compactness of (R, T ), U has a ﬁnite subcover. Hence, there exists x ∈ (0,1) such that
Uc ∪ Vd ∪
([0, x) × [0, x))∪ ((1/2,1] × [0,1− 1/n))∪ ([0,1/m) × (1/2,1])= R.
By 1), the set K = Q \([0, x) × [0, x)) ∪ ((1/2,1] × [0,1 − 1/n)) ∪ ([0,1/m) × (1/2,1]) is a connected subset of Q . Hence,
K ⊂ Uc or K ⊂ Vd , which contradicts either 2) or 3). Thus, T fails to be T2 and this is a contradiction. 
To get an insight of the nature of the problem of Question 1, note that if A is an inﬁnite set then one cannot prove in
ZF the existence of a T2 topology T on A having just two non-isolated points. (If x and y are any two non-isolated points
of A, then every neighborhood Vx of x which avoids a neighborhood V y of y partitions A into the inﬁnite sets Vx and
A\Vx meaning that A is not an amorphous set.)
The research in this paper is motivated by Question 1. We prove in Theorem 14 that (A) is equivalent to the assertion
“for every set X = {(Xi, Ti): Ti is the coﬁnite topology on Xi, i ∈ I}, the one-point compactiﬁcation X(a) of the topological sum X of
X extends to a compact T2 topology R” and establish in Theorem 16 that (A) is not provable in ZF. Regarding Question 1 with
(B) in place of (A) the picture is more clear. We show in Theorem 17 that (B) is equivalent to AC in ZF.
In Theorem 8 we show that (R) → (A) and, in Theorems 9 and 11 we prove that AC iff (R) and UF(ω) iff (R) and “ℵ1 is
a regular cardinal”.
Proposition 1. Let X be a topological space and p ∈ X. If Vp , Wp are well orderable neighborhood bases of p then X (p,X,Vp) =
X (p,X,Wp).
Proof. Fix V ⊂ Vp and W ⊂ Wp such that |V| = X (p,X,Vp) and |W| = X (p,X,Wp). We show that |V|  |W|  |V|. Fix
a well-ordering {Vi: i ∈ k} of V and {Wn: n ∈ t} of W where, k, t are well-ordered cardinal numbers. Let f : k → t be the
function given by:
f (i) =min{n ∈ t: Wn ⊂ Vi}.
Since V is a neighborhood base of p, it follows that {W f (i): i ∈ k} ⊂ W is also a neighborhood base of p. Thus, |{W f (i): i ∈
k}| = |W| and consequently |W| |V|. Similarly, we can show that |V| |W|. 
In view of Proposition 1 the following deﬁnition is meaningful.
Deﬁnition 2. Let X be a topological space, p a point of X having a well orderable neighborhood base. The character X (p,X)
of the point p ∈ X is the minimum cardinality of a well orderable neighborhood base of p.
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In particular, CAC(R) implies every countable compact T2 space is scattered.
Theorem 4 (Cˇech–Pospišil [2]). Let X be a compact T2 space such that ℘(X) is a well orderable set and for every p ∈ X,X (p,X) ℵ.
Then |X | 2ℵ . In particular, every dense in itself, compact T2 space which has awell-ordered base for its topology has size at least |2ℵ0 |.
Theorem 5 (Arhangel’skiıˇ [1]). Let X be a compact T2 space such that ℘(X) is a well orderable set and X (p,X) = ℵ for all p ∈ X.
Then |X | 2ℵ .
Theorem 6. The following are equivalent:
(i) BPI.
(ii) [11] 2X is compact for every set X .
(iii) [9,12] The Tychonoff product of compact T2 spaces is compact.
Theorem 7. ([3])MC iff AC.
3. On extensions of certain compact topologies to compact T2 ones in ZFC
Clearly, if X is a set and T = T AX or T is the indiscrete topology on X then, in ZF, T can be enlarged to a compact T2
topology on X . We show next that compact R1 topologies share this property in ZFC (= ZF and AC).
Theorem 8. AC implies (R) implies (A).
Proof. Let X = (X, T ) be a non-empty compact R1 space. Let, by AC, A be a choice set of the family D of all maximal
indiscrete subsets of X. Put B = X − A and S = {U − Q : U ∈ T , Q ∈ [B]<ω}. Clearly,
B = T ∪ S ∪ {Q : Q ∈ [B]<ω}
is a base for a topology R on X that enlarges T and is closed under ﬁnite intersections. Obviously Y = (X, R) is T2. It
remains to be shown that Y is compact. Let C be a cover of X by members of the base B. For each a ∈ A select, by AC,
a member C(a) of C which contains a. Deﬁne C(a)′ as follows: C(a)′ = C(a), if C(a) belongs to T , C(a)′ = U , if C(a) = U − Q
belongs to S . Then each C(a)′ belongs to T and contains the member D of D that contains a. Thus C′ = {C(a)′: a ∈ A} is an
open cover of X . By the compactness of X, there exists a ﬁnite subset F of A such that {C(a)′: a ∈ F } covers X . If for some
a ∈ F , C(a)′ = U − Q , add ﬁnitely many members of C to C′ to cover Q . Thus, by adding ﬁnitely many members of C to C′
we obtain a ﬁnite cover of X by members of B. Hence, Y is compact as required.
For the second implication, ﬁx A = (Ai)i∈I a disjoint family of non-empty sets and let X = ∪A ∪ {∗}, ∗ /∈ ∪A. Clearly,
B = A ∪ {{∗} ∪ (∪{A j: j ∈ J , J is a coﬁnite subset of I}) is a base for a compact R1 topology, say T , on X . Let R be a
compact T2 extension of T . It is straightforward to verify the for every i ∈ I , RAi is a compact T2 topology on Ai . Hence,
(A) holds as required. 
Question 2. Does (A) imply (R)?
Theorem 9. Equivalent are:
(1) AC.
(2) (R) and “℘(R) is well orderable” (Form 130 in [5]).
(3) (R) and “R is well orderable” (Form 79 in [5]).
(4) (R) and UF(ω).
(5) (R) and “there exists a free ultraﬁlter” (Form 206 in [5]).
Proof. (1) → (2) Immediate from Theorem 8.
(2) → (3) Immediate, since well orderability of ℘(R) implies that of R.
(3) → (4) Immediate, since well orderability of R implies the existence of a free ultraﬁlter on ω.
(4) → (5) Immediate.
(5) → (1) Let A = (Ai)i∈I be a family of pairwise disjoint, non-empty sets. Fix, by our hypothesis, U a free ultraﬁlter on a
set X . For each i ∈ I form the compact R1 space Xi = (Xi, Ti) as follows: Xi is the disjoint union of X and Ai . A subset B of
Xi belongs to Ti iff either B ⊂ X or Xi − B is a ﬁnite subset of X . Let Z be the one-point compactiﬁcation of the topological
sum Y of the family (Xi)i∈I . Clearly, Z is a compact R1 space. Let R be a compact T2 reﬁnement of the topology of Z. It is
straightforward to verify that for every i ∈ I , (Xi, RXi ) is a compact T2 space and the ultraﬁlter F iU of Xi generated by U
converges in (Xi, RXi ) to a unique point xi ∈ Ai . Thus {xi : i ∈ I} is a choice set for A as required. 
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(i) (R) implies ACﬁn (= AC restricted to families of non-empty ﬁnite sets).
(ii) (R) and CAC(R) imply AC(∞,ℵ0) (= AC restricted to families of countable sets).
Proof. Fix A = (Ai)i∈I a family of non-empty ﬁnite resp. countable sets such that R ∩ ∪A = ∅. For i ∈ I , let Ti be the
topology on Xi = Ai ∪ [0,1) generated by the family: T [0,1) ∪ {(x,1) ∪ Ai: x ∈ (0,1)}, where T [0,1) is the standard topology
on [0,1). Clearly, each (Xi, Ti) is a compact R1 space. Hence, the one-point compactiﬁcation X of the topological sum Y of
the family {Xi: i ∈ I} is a compact R1 space. Let R be a compact T2 reﬁnement of the topology T of X. Clearly, for every
i ∈ I , Yi = (Xi, RXi ) is a compact T2 space and the subspace topology [0,1) inherits from (Xi, RXi ) coincides with its original
one. For each i ∈ I , let Bi consist of all points of Ai that are in the space Yi in the closure of [0,1). Then each space Bi
is a non-empty, ﬁnite resp. countable compact T2 space. Thus Bi contains an isolated point bi (for the countable case see
Theorem 3). 
Claim. For each i ∈ I , each Bi contains exactly one point (namely bi).
Proof of the claim. Assume otherwise that for some i ∈ I , the set Ci = Bi −{bi} is non-empty. By regularity of Bi , there exist
in Bi disjoint open neighborhoods U and V of bi and Ci . Let
C = {U , V } ∪ {[0, x): 0< x < 1}
be an open cover of Bi . Then, by compactness of Bi , there exist some x < 1 such that U ∩ [x,1) and V ∩ [x,1) partition
[x,1) into 2 non-empty open sets. By connectedness of [x,1) this is impossible. Thus the claim, and with it the proposition
is established. 
Theorem 11. Equivalent are:
(1) AC.
(2) (R) and “ℵ1 is regular (i.e., has coﬁnality greater than ω)” (Form 34 in [5]).
(3) (R) and “there exists some regular ordinal ℵ (i.e., ℵ is inﬁnite and has coﬁnality greater than ω)”.
(4) (R) and “there exists a non-compact, locally compact T2 space with exactly one T2 compactiﬁcation (namely its Alexandroff
one-point compactiﬁcation)”.
Proof. (1) → (2) → (3). Immediate.
(3) → (4). Let ℵ be a regular ordinal. Supply ℵ with the order topology to obtain a non-compact, locally compact T2
space X. Let Y be a T2-compactiﬁcation of X. 
Claim. Y− X contains exactly one element.
Proof of the claim. Assume otherwise that Y− X contains two different points a and b. Then a and b have disjoint closed
neighborhoods U and V in Y. Thus U ′ = U ∩ ℵ and V ′ = V ∩ ℵ are two unbounded closed subsets of ℵ that do not meet.
By recursion one can construct sequences (u(n))n∈ω in U ′ and (v(n))n∈ω in V ′ with
u(0) < v(0) < u(1) < v(1) < u(2) < v(2) < · · · .
By regularity of ℵ these sequences have the same least upper bound s in ℵ. By closedness of U and V , s belongs to U as
well as to V , a contradiction. Thus the claim, and (3) → (4) is established.
(4) → (1). Let A = (Ai)i∈I be a family of pairwise disjoint, non-empty sets. Fix, X = (X, T ) a non-compact, locally
compact T2 space whose one-point compactiﬁcation is its only T2 compactiﬁcation. For each i ∈ I form the compact R1
space Xi = (Xi, Ti) as follows: Xi is the disjoint union of X and Ai . A subset B of Xi belongs to Ti iff either B ∈ T or Xi − B
is a compact subspace of X. Let Z, Y, R and (Xi, RXi ), i ∈ I, be as in Theorem 9. For every i ∈ I let Bi = clXi (X)\X . Clearly,
Bi = {bi} is a singleton and {bi: i ∈ I} is a choice set for A and the proof of the theorem is established. 
Remark 12. (i) It is known that the consistency of the assumption that no regular ordinals exist implies the consistency
of some large cardinals. Vice versa, the consistency of the existence of arbitrary large strongly compact cardinals in ZFC
implies the consistency of “there are no regular ordinals” in ZF. For details see [4].
(ii) We do not know whether (R) implies AC or, equivalently if there exists in ZF a non-compact, locally compact T2
space with exactly one T2 compactiﬁcation. It is easy to see that if ℵ1 is regular then the one-point compactiﬁcation of ℵ1
taken with the order topology coincides with its Cˇech–Stone compactiﬁcation. (If ℵ1 is regular then ℵ1 has only one closed
free ultraﬁlter.)
(iii) We also do not know if there exist, in ZF, non-compact T2 spaces that have a Cˇech–Stone compactiﬁcation (i.e.,
a compact T2 reﬂection).
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We begin this section by pointing out an instance of a family A of sets where compact T2 dense in itself topologies on
its members can be deﬁned eﬃciently.
Theorem13. IfA = (Ai)i∈I is a family of well orderable sets then there exists a family T = (Ti)i∈I such that for every i ∈ I, (℘ (Ai), Ti)
is a compact T2 dense in itself space.
In particular, BPI implies “for every family A = (Ai)i∈I of sets there exists a set T = (Ti)i∈I such that for every i ∈ I, (℘ (Ai), Ti)
is a compact T2 space”.
Proof. Clearly, the mapping h : ℘(Ai) → 2Ai ,h(X) = XX , where XX is the characteristic function of the subset X of Ai is
1 : 1 and onto. Since for a well orderable set A, 2A is compact, see [7], it follows that for every i ∈ I , 2Ai is a dense in itself
compact T2 space. Thus, the topology Ti generated by the base {h−1(O ): O ∈ BAi }, where BAi is the standard clopen base
of 2Ai , is compact T2 and dense in itself as required. 
Next we show, in contrast to Example 1, that if certain compact T1 topologies extend to compact T2 topologies then (A)
holds.
Theorem 14.
(i) (C∅) iff (A) iff for every family A of disjoint non-empty sets, the one-point compactiﬁcation X of the topological sum Y of the
family ((Z A, T A))A∈A extends to a compact T2 topology.
(ii) (Cω) iff for every family of non-empty sets A, the one-point compactiﬁcation X of the topological sum Y of the family of ω-spaces
((ZωA , T
ω
A ))A∈A extends to a compact T2 topology.
(iii) (Cω) and UF(ω) iff AC.
Proof. (i) The ﬁrst equivalence (C∅) ↔ (A) is straightforward.
To see (←) of the second equivalence, ﬁx A a disjoint family of non-empty sets and let X= (X, T ), X = ∪A∪{∗}, ∗ /∈ ∪A
be one-point compactiﬁcation of the topological sum of the spaces (Z A, T A), A ∈ A. Clearly, X is compact and T1 such that
each A ∈ A is a closed subset of X. Let, by our hypothesis, R be a compact T2 extension of T . Since each A ∈ A is closed
in X, it follows that A is closed in (X, R). Hence, A = (A, RA) is a compact T2 subspace of (X, R) and the family (RA)A∈A
satisﬁes the conclusion of (A).
To see the other implication, let A and X= (X, T ) be as in the statement of the theorem. Fix, by (A), a family (RA)A∈A
such that for every A ∈ A, (A, RA) is a compact T2 space. Clearly, for every A ∈ A, T A ⊂ RA and T ⊂ R , where R is the
topology of the one-point compactiﬁcation of the topological sum Y of the family ((A, RA))A∈A on X .
(ii) This can be proved as in (i).
(iii) Follow the proof of Theorem 9 (5) → (1). 
Remark 15. In view of Theorem 14 and the fact that if A ⊆ B then C B ⇒ C A we see that (Cω) implies (A). We do not know
if (A) implies (Cω).
Theorem 16. (ZF) The following are equivalent:
(i) AC.
(ii) “For every family A = (Ai)i∈I of non-empty sets there exists a family T = (Ti)i∈I such that for every i ∈ I, Ti is an Alexandroff
topology on Ai”.
(iii) (B) and BPI.
(iv) (A) and BPI.
In particular, neither (A) nor (B) is provable in ZF and BPI does not imply (A).
Proof. (i) → (ii) Let, by AC, {ci ∈ Ai: i ∈ I} be a choice set for A. Then, for every i ∈ I , the topology Tci of the space
(Ai\{ci})(ci) is the required Alexandroff topology on Ai .
(ii) → (iii) This follows from the observation that our hypothesis implies AC (if for every i ∈ I , Tci is an Alexandroff
topology on Ai , then {ci ∈ Ai: i ∈ I} a choice set for A) and the fact that the conjunction of (B) and BPI is a consequence
of AC.
(iii) → (iv) This is obvious.
(iv) → (i) To see this, we ﬁx by (A) a family of sets (Ti)i∈I such that for every i ∈ I , (Xi, Ti) is a compact T2 space. Let
Yi, Yi = Xi ∪ {∞i},∞i /∈ Xi be the topological sum of (Xi, Ti) and ({∞i}, {∅, {∞i}}). Clearly, Yi is a compact T2 space and
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∏
i∈IYi having the ﬁp. By Theorem 6, Y is compact and
consequently ∩W = ∅. Clearly any f ∈ ∩W is a choice function for A as required.
To see the last assertion, note that in Cohen’s basic model M1 in [5] BPI holds but AC fails. Thus, both (A) and (B) fail
in M1 and BPI does not imply (A). 
Theorem 17.
(i) AC → (B) → (A).
(ii) (A) implies there are no amorphous sets.
(iii) (B) iff AC.
(iv) (A) implies “for every family A = (Ai)i∈I of sets there exist families T = (Ti)i∈I and Y = (Yi)i∈I such that for every i ∈ I, (Ai, Ti)
is a compact T2 space and Yi is either a ﬁnite or a dense in itself closed subspace of Xi”.
Proof. Fix A = (Ai)i∈I a family of non-empty sets.
(i) This is clear.
(ii) Assume on the contrary and let A be an amorphous set. For every ﬁnite subset i of A let Ti be a compact T2
topology on Xi = A\i. As A is amorphous, it follows that each space (Xi, Ti) has just one isolated point, say ci . Via a
straightforward induction we deﬁne a countable subset S = {sv : v ∈ ω} of A. For v = 0 we let s0 = c∅ and for v = n + 1
we let sv = c{s0,s1,...,sn} . If A\S is ﬁnite then A is well orderable and consequently not amorphous. If A\S is inﬁnite then
A = S ∪ A\S is a partition of A into two inﬁnite sets. Hence, A is not amorphous a contradiction ﬁnishing the proof of (ii).
(iii) It suﬃces, in view of part (i) and Theorem 7 to show that (B) implies MC. Let, by (B), T = (Ti)i∈I be a family of sets
such that for every i ∈ I , (Ai, Ti) is a compact scattered T2 space. Since for every i ∈ I each Cantor–Bendixson derivative
of Ai is a closed subset of Ai , it follows easily that for some αi ∈ Ord, (Ai)ai is a ﬁnite non-empty subset of Ai . Hence,{(Ai)ai : i ∈ I} is a multiple choice set for the family A.
(iv) Let, by (A), T = (Ti)i∈I be a family of sets such that for every i ∈ I , Ai = (Ai, Ti) is a compact T2 space.
(a) If Ai is scattered then, as in case (iv), there exists αi ∈ Ord such that (Ai)ai is a ﬁnite non-empty subset of Ai and we
put Yi = (Ai)ai .
(b) If Ai is not scattered, there exists v ∈ Ord such that (Ai)v = (Ai)a for every α ∈ Ord with v ∈ a. Let ai be the smallest
such ordinal and put Yi = (Ai)ai . Clearly, Yi is dense in itself and closed as required. 
Remark 18. It follows from Theorems 16 and 13 that in M1 there exists a family of sets (Ai)i∈I satisfying the negation (A)
whereas the family (℘ (Ai))i∈I satisﬁes (A).
Theorem 19. Assume (A). Let A = (Ai)i∈I be a family of inﬁnite sets such that for every i ∈ I , ℘(Ai) is well orderable and |Ai | = |2X |
for any set X . Then the KWSP holds for A.
Proof. Fix a family A as in the statement of the theorem and let (Ti)i∈I be a family of sets such that for every i ∈ I , (Ai, Ti)
is a compact T2 space. We show that there exists a family of non-empty sets (Bi)i∈I such that for every i ∈ I, Bi ⊆ Ai and
Bi = Ai . Let, by Theorem 17(iv), {Yi ⊆ Ai: Y ci ∈ Ti, i ∈ I} be such that for every i ∈ I, Yi is either a ﬁnite or a dense in itself
closed subset of Ai . We describe a way of choosing for every i ∈ I , a proper subset Bi of Ai . We consider the following
cases:
(a) Yi is not dense in itself. In this case we choose Bi = Yi .
(b) Yi is dense in itself and Yi = Ai . In this case Bi = Yi is the required choice.
(c) Yi is dense in itself and Yi = Ai . If ∀p,q ∈ Yi,X (p,Yi) = X (q,Yi) = k, then by Theorems 4 and 5 we have that
|Ai| = |2k|, contradicting our hypothesis. Hence, there exist p,q ∈ Ai,X (p,Ai) = X (q,Ai). Let
ki =min
{
k: ∃p ∈ Ai,X (p,Ai) = k
}
.
Clearly,
Bi =
{
p ∈ Ai: X (p,Ai) = ki
}
satisﬁes Bi ⊆ Ai and Bi = Ai . 
Corollary 20.
(i) (A) and CAC (R) imply “for every family (Ai)i∈I of countable sets there exists a family (Bi)i∈I of ﬁnite non-empty sets such that
for every i ∈ I, Bi ⊂ Ai”.
In particular, (A) and CAC(R) and “for every family (Ai)i∈I of non-empty sets there exists a family (Bi)i∈I of countable sets such
that for every i ∈ I, Bi ⊂ Ai (Form 214 in [5])” iff AC.
(ii) (A) and “℘(R) is well orderable” imply “every family (Ai)i∈I of inﬁnite sets each of size < |R| has a multiple choice”.
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is a compact T2 space. By CAC(R) and Theorems 3, 4 each (Ai, Ti) is a scattered space. The conclusion now follows from
Theorem 17(iv).
(ii) Fix (Ai)i∈I a family of non-empty sets such that |Ai | < |R| for every i ∈ I . Fix, by Theorem 17(iv), families (Ti)i∈I
and (Yi)i∈I such that for every i ∈ I, (Ai, Ti) is a compact T2 space and Yi ⊆ Ai is either ﬁnite or dense in itself. If for
some i ∈ I , Yi is dense in itself, then for every x ∈ Yi, X (x,Yi)ω. Hence, by Theorem 4, |Ai | |Yi | |R| contradicting our
hypothesis. Thus, each Yi is ﬁnite and (Ai)i∈I has a multiple choice as required. 
Theorem 21. The following are equivalent:
(a) AC.
(b) (A) and “for every compact T2 space X the family of all non-empty compact subsets of X has a choice set”.
(c) (A) and DC and “for every set J the family of all non-empty compact subsets of the Hilbert cube [0,1] J has a choice function”.
(d) (A) and UL (= Uryshon’s Lemma) and “for every set J the family of all non-empty compact subsets of the Hilbert cube [0,1] J has
a choice function” (Form 78 in [5]).
(e) (A) and “a product of compact T2 spaces is non-empty” (Form 343 in [5]).
Proof. Fix A = (Ai)i∈k a disjoint family of non-empty sets. Let (Ti)i∈k satisfy the conclusion of (A) for the family A. Clearly,
the topological sum Y of the family (Ai)i∈k is locally compact and the one-point compactiﬁcation X(a) of Y is T4.
(a) → (b), (a) → (c), (a) ↔ (e) are straightforward and DC → UL can be shown by adapting the usual proof of Uryshon’s
Lemma as is given in [6].
(b) → (a). Clearly, for every i ∈ k, Ti coincides with the subspace topology Ai inherits from X(a). Thus, each Ai is a
compact subspace of X(a) and by our hypothesis, A has a choice set as required.
To complete the proof of the theorem it suﬃces to show (d) → (a). By UL, the collection ( f j) j∈ J of all continuous
functions from X(a) to [0,1] separates points from closed sets. Hence, the mapping
F : X(a) → [0,1] J , F (x) = ( f j(x)
)
j∈ J
given in Theorem 4.2 in [10], p. 220, is an embedding. Thus, (F (Ai))i∈k is a family of closed subsets of [0,1] J . Let, by our
hypothesis, {ci ∈ F (Ai): i ∈ k} be a choice set of (F (Ai))i∈k . Clearly, {F−1(ci): i ∈ k} is a choice set of A as required. 
Corollary 22. (A) fails in the following models:
(i) Pincus’ Model V, model M43 in [5].
(ii) Pincus’ Model VII, model M45 in [5].
(iii) Pincus’ Model VIII, model M46(m,M) in [5].
(iv) Pincus’ Model IX, model M47(n,M) in [5].
Proof. For a description, as well as, for the weak forms of the axiom of choice holding true in the models M43, M45,
M46(m,M) and M47(n,M) respectively we refer the reader in [5].
It is known that CAC(R) and Form 214 hold true but AC, hence by Corollary 20(i) (A) also, fail in each one of the models
M43, M45, M46(m,M) and M47(n,M). 
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